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Abstract 

We consider a toroidal configuration of cosmic string in 3+1 dimensions in an abelian Higgs 
model, a compactification of the Nielsen-Olesen string. This object is classically unstable. 
We explicitly compute the number of permitted zero modes for majorana fermions coupled to 
such a string. As in the case of indefinitely long strings, there are |n| zero modes for winding 
number sector n, and correspondingly, induced fermionic charge n/2 which canbe fractional. 
^ ' According to a previously proved result, this implies quantum mechanical stability for objects 

O , with odd winding number. The result is of significance to cosmology in classes of unified 

' theories permitting such cosmic strings. 

m 

^ ■ 1 Introduction 

T— I ! 

^ ■ Solitons are classically stable solutions of field equations, made possible when the spontaneous 

lO I breaking of gauge symmetry premits topologically non-trivial boundary conditions. Examples of 

■ such solitons exist in one dimension ^ called kinks, where the gauge field is absent, in two dimen- 

sions p] called Nielsen-Olesen strings which occur in abelian gauge theories, in three dimensions 
being 't Hooft-Polyakov monopoles occuring in Yang-Mills theories. More interesting sys- 
If^ I tems are those in which the interaction of the fermi fields with the soliton is also considered. Under 

i certain conditions, existence of fermionic zero modes results in fractional fermion number being 

I induced on the classical solution ^151- Such systems can not relax to trivial vacuum in isolation 

due to Qunatum Mechanics. This possibility was first emphasised in and its consequences 
Q^l to possible particle Hke states in 50(10) Grand Unified Theory were studied in [B... Fractional 

O . fermion number phenomenon is also of importance in condensed matter systems like conducting 

I polymers [HI- 

In this paper, we study toroidal configurations of the Nielsen-Olesen string. From classical 
arguments, this object can be shown to be unstable with respect to shrinking under its own 
. tension. However, it exists as an extremum of the action in 3 -I- 1 dimensions and carries finite 

\ total energy, and can be of fundamental significance to cosmology. Here we have studied the 

interaction of this object with a majorana fermion field and have shown the existence of fermionic 
zero modes. Significance of such solutions to cosmology was studied in j^j and more recently in 
[111 1121 . We use the same fermionic coupling as was first studied by Jackiw and Rossi Ql] , 
wherein the mass of the fermion is derived entirely from spontaneous symmetry breaking. Our 
main result about relation between winding number and number of zero modes is the same as 
[Tl| . although some of the details are different. Explicit arguments for the stability of objects with 
fractional fermion number were spelt out in [S], which will essentially apply in the present case as 
well. 

Several standard caveats apply to the present work. We treat the fermions as a qunatum 
perturbation to a classical background and ignore the back reaction of the fermions to the string. 
While we study the highly symmetric object, the torus, the result about zero modes should apply 
in the general situation subject to some modifications, which however should not modify the main 
results regarding induced stability. In particular the "zero-energy" solutions will no longer be 
so on a generic closed loop geometry, however the modes, if singleton, more generally in odd 
number should remain so as long as the essential topological aspects of the boundary conditions 
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far from the string are not modified. Finally we also assume the metastability of the loop to 
ensure its existence over time scales long enough to treat zero-modes as occuring on essentially 
static background. 

We solve the Majorana-Dirac equation in toroidal coordinates, and for this purpose begin with 
a review of the same in sec. |2| In sec. Elthe equations are formulated. The asymptotic form of the 
fermionic wave function is studied in sec. 21 In sec. the behaviour near the core of the torus, 
which determines the number of zero-energy solutions is studied, and is found to reveal that the 
number is the same as for the uncompactified Nielsen-Olesen string. Sec. Elis devoted to summary 
and conclusion. 



2 Toroidal Coordinates 

The coordinate transformations from the cartesian to the toroidal co-ordiantes Jfij are given by 
the following relations 

asmhvcosip 



cosh V — cos u 
a sinh v sin ip 
cosh V — cos u 
asinu 



(2) 

, (3) 

cosh V — cos u 

where v ranges from to oo, u ranges from to 27r and ranges from to 27r. The parameter a 
sets the size of the family of torii given by v =constant. The variable parameterises the length 
of the loop while u winds around any segment of the loop given by ip =constant. The coordinates 
have the property that as v tends to infinity, we approach the core of the loop. Spatial infinity is 
approached when u and v simultaneously approach zero. 

In the following it is convenient to introduce ^ — {u + iv)/2 and calculate the metric elements 

= \dr/dv\ both in terms of u, v and ^, ^ 



a a 



cosh V — cos u 2 sin ^ sin ^ 



(4) 



h.. = = ^— (5) 

cosh V — cos u 2 sin f sin ^ 



a sinh v a sinh v , , 

= = = (6) 

cosh V — cos u 2 sin ^ sin f 



The expression for the gradient takes the form, 

V-v — —+u—— + ip—— (7) 
hv dv hu du dip 

3 Formulation of the Equation 

The Abelian Higgs model with gauge field and a charged scalar field cj) has the Lagrangian 
with Fni, = dnAy — duAn and the covariant derivative 



= - ^ihM (9) 
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and the scalar field (j) is taken to have charge q — e. This Lagrangian can be extended for the 
purpose of studying to zero modes PUJHj to include majorana fermions of charge q — ^e, 



Cferraion = ij^ia^ D - - [igY^i'i''' + {h.C.)] 



(10) 



where cr'^ = (— /, cr*), / being the 2x2 identity matrix; -0'^ = icr'^i^* is the charge conjugate of if) , 
and gy denotes the Yukawa coupHng. 

Since ijj will be reserved for later use, we begin by writing the field equation in terms of the 
variable ip 

a'^Df.iP-gY^b^P^ ^0 (11) 

We begin by writing the equations of motion of the fermion in usual cyHndrical polar coordinates, 
(r, (fi, z) with the string loop of radius a and with cross-section ^ a^laid out symmetrically around 
the origin in the z = plane. The (/? coordinate remains the same upon transforming to the 
toroidal coordinates. In 2-component notation, 



D,-Dt 



-02 



(12) 



Since we are looking for zero modes i.e. time independant solutions we take the backgorund 
fields to possess the ansatz Aq = 0. Further, the lowest energy and therefore the most symmetric 
background solution can be assumed ip independent, and we choose — 0. However Lp explicitly 
appears in the equations for i/j and factoring out this dependence requires us to introduce the 
ansatz -01 = e~"^/^Vi and 02 = e^'^/^tp2- This amounts to anti-periodic boundary condition 
appropriate to a fermion as we traverse the length of the loop. Then the equations obeyed by tpi 
and V'2 are 



[Dr + I] 



^1 
V'2 



= 9Y<i 



^2 



(13) 



Thus the problem of solving fermionic equations is restricted essentially to the half plane of the 
cylindrical polar coordinates, r € [0,oo) and z e (—00,00). Substituting -01 = *0'2 = i'0 reduces 
the two equations to the complex equation 



1 

2^ 



"0 — 9y4'''P* 



(14) 



We now transform to the toroidal coordinates. Since dr and A^ transform identically. Thus, 
transforming to toroidal coordinates the equation looks as follows. 



.sin^sin^ 



A useful substituion now is i/' = /(w, v) sin,^, which leads to the equation for /, 



[sin^ sin^(D„ + iDy) + i 



sin^^ = —agyf* 
2sinhu 2i 



(15) 



(16) 



We work in the vacuum sector of winding number n, i.e., given any segement of the loop, the 
scalar field changes phase by 27m around it. In toroidal coordinates this amounts a dependence 
e™". While topologically this is not distinct from trivial vacuum, it has restricted topologically 
stability against breaking of any segment of the loop. Only the shrinking of the loop as a whole 
can continuously connect it to the trivial vacuum. Thus if latter deformation is forbidden the con- 
figuration becomes stable. As a direct generaHsation of the Nielsen-Olesen string, the background 
field configuration is taken to have the ansatz 



— ik{u, v)rje'^ 



(17) 
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where g{u,v) and k{u,v) are real functions whose behaviour is <?, /c — > near the loop, i.e., as 
u — » cx) so that the solution is regular in core of the loop, and g{u,v), k{u,v) ^ 1 at spatial 
infinity given by the simultaneous hmit u, v ^ 0. Note that sin ^ sin ^reproduces the weh known 
behaviour 1/r for usual infinitely long string in cyhndrical coordinates and becomes pure gauge 
far from the core of the string. We denote gyr; = m where m is the mass of the free fermions far 
from the string. After substituting above scalar and gauge ansatz, eq. takes the form 

[sin^ sin^(-- - ^-g) + ^^]f ^ -aW"«/* (19) 

Using the technique of Jackiw and Rossi, we try the following ansatz for /. 

/ = Xe''(«+«) + y*e'("-')(«+C) (20) 
and equating coefficients of e*'" and e**^""')" we get two separate equations. 

[sinCsinC(T^ - i{-9 - I)) + ^TT-^]^ = o"^"^^ (21) 
at, 2 2 Sinn z; 2 

[sinesin^(-^ - i{-g - (n - /))) + - -akmX* (22) 

at, 2 2smhi; 2 

taking complex conjugate of the Eq. lf22)l . 

[sinCsine(^ + - {n - I))) - ^^^]y = I'^kmX (23) 

4 Asymptotic analysis 

In the asymptotic limit, as mentioned above, g and k can be approximated by 1. So in the 
asymptotic limit the equations II21II and Ij23|l respectively become, 

- d 1 £^ 1 

m^^-^v)--,j^]X--^amY (24) 

where p = (§ — 0- We substitute, X = similarly Y = B \J The equations are 

simplified to, 

fa^- ~ ip)A = \mB (26) 
^^(^ - ^P)B = ^a"^^ (27) 

combining Eq. Ij26|l and Il27p we get, 

- *P)CC(^ - W)]A = (ma/2)2A (28) 
Substituting £ = i~^e**, Eq. (|2Hl is simplified to 
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This, in asymptotic limit, i.e. as |^| 0, i.e. as i ^ oo, becomes 

, Id ,ma.^. , „ , . 

this second order differential equation can be solved to yield an exponentially converging solution, 
whose asymptotic behaviour is ^ ^-mat/2 _ Incorporating sin^ factor, the asymptotic behaviour 
of the fermionic wave-function tp ~ (e~'"''*/^)/i making it normalisable. 

5 Counting the number of solutions 

To count the total number of fermion zero modes present on soliton in n vortex sector, we observe 
the V dependance of the solution near the loop i.e. as w ^ cxj. As mentioned above g and k both 
tend to zero as we approach the loop. So substituting g = = k the equations l(2T|l and ll23)l . near 
the loop, respectively become, 

(31) 

{A. + {n-l))Y = (32) 
So, X ~ e~'^and Y Q~{n-i)v_ ^j^j ^j^g behaviour of ip near the loop is, 

= sin^(Xe*'" + r*e^("-')") sm^{Cie^'^^ + Cze^^^"-')^) (33) 
In the limit v oo the right hand side of eq. Ij33|l is dominated by the terms 

2i 

Recalling ^ — {u + iv)/2 and denoting I — ^ hj I' , and requiring ip to remain finite near the loop 
i.e. as ^ oo, we need, 

0<l' <{n-l) (35) 

This gives us total of n complex normalisable solutions, the same result as Jlj for the infinitely 
long string. It should be noted that we have the ip dependence e'^^'^ . If the length parameter along 
the loop is denoted z, this can be written as e^'^/^'^". This explicit dependence on z disappears in 
the limit a — > ooand we recover the translation invariant ansatz for the zero modes utilised in |14) . 
Taking V to be integer (rather than half-integer) gives larger number of solutions and makes the 
latter single valued as functions of u, which also accords with the treaatment for infinitely long 
string. So the compactification of Nielsen-Olesen string has not altered the number of zero modes 
it carries. 

6 Conclusion 

We have proved the existence of |n| fermionic zero modes on a static toroidal string with topological 
winding n. Unlike the non-compact Nielsen-Olesen strings which are infinitely long and often 
treated as essentially 2-1-1 dimensional solitons, toroidal strings are genuinely 3-1-1 dimensional 
configurations of finite energy. So the existence of the latter and the existence of related zero 
modes are very important from the point of view of cosmology. Our result shows that the toroidal 
geopmetry supports the same number of zero modes as the infinitely long string and reassures 
us that the unbounded string can be recovered as a limiting case of the toroidal configurations 
considered here. 

The boundary condition implied by the behaviour e^"^/^ with azimuthal angle (p shows that 
for small loops, when the loop is indistinguishable form a particle, its wave fundtion obeys the 
same boundary ocnditions as an elementary fermion of spin 1/2. Physically such states should be 
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discovered as heavy fermions of spin 1/2. Further, the occurence of zero modes would imply, just 
as in the case of unbounded string, that the loop acquires fermionic charge \n\/2. If this charge 
is half-integral, it would be impossible for the loop to disintegrate in isolation without conflicting 
with Quantum Mechanics. The arguments detailed in [6| apply without signiflcant modiflcation. 

When these considerations are further applied to the collective dynamics of the string, new 
situations need to be addressed. Consider a loop of large radius which folds and begins to cross 
itself. In the absence of experimental evidence and absence of conclusive theoretical calculation 
two possibilites are usually considered, one where the two coUiding segments pass through and 
the other where they inter-commute, producing two smaller loops. Since the winding number of 
the two child strings would be the same as the parent string the number zero modes on each of 
the child strigns would be the same as the parent string. If therefore the parent string had half- 
integer fermion number, the final state would have integer fermion number. To avoid confiict with 
quantum mechanical principles we must insist that the inter-commuting process cannot occur for 
the strings with odd number of zero-modes. 

In it was explicitly shown that a single non-compact string cannot decay in isolation even 
if metastable. However no conclusion could be reached about formation of loops formed by self- 
intersection of a non-compact string. With the results of the present paper we can conclude that 
formation of loop a by such a process is also forbidden for non-compact strings with odd number 
of zero-modes, for the same reason as in proceeding paragraph. 

Loops stabilised by quantum mechanical considerations would be extremely important to Cos- 
mology, where such loops can constitute Cold Dark Matter |17j|18j. We may assume that the 
process of shrinking of the loop under its own tension can continue till some small radius is 
reached, presumably of the order of the Compton wavelength of the fermions. Provided that 
fermions are much Hghter, such a length would be large compared to the cross-section of the string 
characterised by gauge boson and scalar masses. Such a state would then be indistinguishable 
for classical purposes from a fundamental particle. While all the mutually interacting particles 
would decay into the lightest available particle state subject to conserved quantum numbers, heavy 
states such as stabilised string loops would persist and serve as Dark Matter. Conversely, unified 
theories implying unacceptable abundance of such stabiHsed loops would be ruled out by such 
considerations. 
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